Abstract. Let g EH be the Eguchi-Hanson metric on the blow-up of C 2 at the origin. In this paper we show that mg EH is not balanced for any positive integer m.
Introduction
The characterization of Kähler-Einstein projectively induced metrics is an important open problem in the field of Kähler geometry.
Here a Kähler metric g on a complex manifold M is said to be projectively induced if exists a holomorphic and isometric (i.e. Kähler) immersion of (M, g) into the complex projective space (CP N , g F S ), N ≤ +∞, endowed with the FubiniStudy metric g F S , the metric whose associated Kähler form is given in homogeneous coordinates by ω F S = i 2π ∂∂ log(|Z 0 | 2 + · · · + |Z N | 2 ). The reader is referred to the recent book [14] for an updated report on Kähler immersions into complex projective spaces and, more generally, complex space forms.
In particular, in a recent paper A. Loi, F. Salis and F. Zuddas [12] study projectively induced Ricci-flat metrics and they prove that the Eguchi-Hanson metric g EH on the blow up of C 2 at the origin (see Section 2 below) is not projectively induced. Moreover, in the same paper they conjecture that mg EH is not projectively induced for any positive integer m, and they give evidence of this fact for small values of the integer m.
The aim of this paper is to provide the validity of the conjecture by restricting it to an interesting class of projectively induced metrics, namely the balanced metrics in the sense of Donaldson (see Section 3 below for details).
Our main result is then the following: Theorem 1.1. The metric mg EH is not balanced for any positive integer m.
The paper consists of two other sections. Section 2 contains some basic facts on the Eguchi-Hanson metric and in Section 3, after a brief introduction to balanced metrics, we prove Theorem 1.1.
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The Eguchi-Hanson metric
Let us first consider the blow-up of C 2 at the origin. Define a subsetC 2 of C 2 × CP 1 as the space of pairs (z, ), where ∈ CP 1 and z is a point on the line corresponding to in C 2 , i.e:
The blow-upC 2 is a closed submanifold of C 2 × CP 1 of complex dimension 2.
A system of charts forC 2 is given as follows: for j = 1, 2 we takẽ
where U j = {t j = 0}, for j = 1, 2, are open subsets of CP 1 . Then we have two coordinate maps
having as inverses the parametrization maps defined, respectively, by
There are two projection maps
given by the restriction toC 2 of the canonical projections of C 2 × CP 1 . One can prove (see [15] ) that p 2 induces onC 2 the structure of complex line bundle, whose
In other words, this is the universal line bundle over CP 1 . Observe that p 1 is bijective when restricted to p
Thus we may think ofC 2 as obtained from C 2 by replacing the origin 0 by the space of all lines in C 2 through 0. The manifold p −1 1 (0) is called the exceptional divisor, and we will denote it by H. So, the restriction
is a biholomorphism, having as inverse
Take now on C 2 \ {0} the (1, 1)-form given by
We claim that the pull-back p * r (ω) of ω, a priori defined only onC 2 \ H, extends in fact to allC 2 .
The pull-back p * r (ω) is given in the coordinates (1) by
This shows that p * r (ω) extends to the wholeC 2 , as claimed. OnC 2 \ H, clearly, this form is given in local coordinates by (2) . The metric associated to (2) is known in literature as the Eguchi-Hanson metric and denoted here by g EH . The
form (2) is denoted here by ω EH . It is not hard to see that g EH is a complete Ricci-flat Kähler metric (cf. [8] and [12] ). 
and consider the function mg on M given by:
The notation emphasizes that the function mg depends only on the Kähler metric mg and not on the orthonormal basis chosen and not on the Hermitian metric h m .
The function mg has appered in literature under different names. The first one was η-function of Rawnsley in [16] later renamed as θ-function in [5] .
It is well known (see [5] and [16] ) that if the function mg is a constant different from zero, for a suitable m, then mg is projectively induced via the coherent states map
In fact the relation between this map and the function mg can be read in the following formula due to Rawnsley (see [16] ):
Therefore, mg measures the obstruction for the Kähler form mω to be projectively induced via the coherent states map ϕ m .
A metric g on M is called balanced if g is a positive constant. The definition of balanced metrics was originally given by Donaldson [7] in the case of compact polarized Kähler manifold (M, g) and generalized in [4] to the non compact case 1 Ric(hm) is the two-form on M whose local expression is given by
(see also [6] , [9] , [10] , [13] 
where
Therefore, in this case, the inclusion
We are now ready to prove Theorem 1.1.
Proof of Theorem1.1. Bypassing to polar coordinates z 1 = ρ 1 e iϑ1 , z 2 = ρ 2 e iϑ2 with ρ 1 , ρ 2 ∈ (0, +∞), ϑ 1 , ϑ 2 ∈ (0, 2π) one easily sees that the monomials {z Morever, by (4),
With the substitution ρ 1 = r cos θ, ρ 2 = r sin θ, 0 < r < +∞, 0 < θ < π 2 one finds a product of one variable integrals
For the first integral we have (see [1] 6.1.1, page 255)
Suppose that there exists a positive integer m 0 such that m 0 ω EH is balanced.
Therefore by (3), we have
where Φ is the Kähler potential associated to ω EH . Than there exists a holomorphic
where R(f ) denotes the real part of f . By radiality, f is forced to be a constant, and so
where C is a real positive constant. A straightforward calculation shows that the series expansion of e m0Φ at (z 1 , z 2 ) = (0, 0) is given by
From (6) and (7), we find
for (j, k) = (m 0 , 0), and
for (j, k) = (m 0 + 2, 0). So if m 0 is odd, (9) yields a contradiction. When m 0 is even, by comparing (8)- (9), we must have
From (5), by integrating, we find 
where Γ(a, b) = ∞ b t a−1 e −t dt is the incomplete Gamma function. By substituting (11) in (10), we find 
and by substituting (12) in (10), one gets 
